tem's Hilbert space such as in the t-J model [20] severely prohibits applications of the conventional many-body techniques including the path integral and diagram expansion. The slave-particle method is then devised in order to implement the constraint, but at the cost of introducing additional slaved gauge degrees of freedom [21] . Another approach is to apply the local Hubbard X operators in a concise way [22, 23] , among which the operators X 0σ i = c iσ (1 − n iσ ) obviously exclude the double occupation at local sites. However, the Hubbard X operators possess no conventional anti-commutation rules, leading to a cumbersome Lagrangian [24] and complicated Xoperator-based diagram technique [25] .
In strongly correlated electron systems the constraint which prohibits the double electron occupation at local sites can be realized by either the infinite Coulomb interaction or the correlated hopping interaction described by the Hubbard operators, but they both render the conventional field theory inapplicable. Relaxing such the constraint leads to a class of correlated hopping models based on the deformed Hubbard operators which smoothly interpolate the locally free and strong coupling limits by a tunable interaction parameter 0 ≤ λ ≤ 1. Here we propose a coherent state path integral approach appropriate to the deformed Hubbard operators for arbitrary λ. It is shown that this model system exhibits the correlated Fermi liquid behavior characterized by the enhanced Wilson ratio for all λ. It is further found that in the presence of on-site Coulomb interaction a finite Mott gap appears between the upper and lower Hubbard bands, with the upper band spectral weight being heavily reduced by λ. Our approach stands in general spatial dimensions and reveals an unexpected interplay between the correlated hopping and the Coulomb repulsion.
A major challenge in interacting electron systems comes from the lack of proper theoretical approaches for various kinds of many body correlations which are ubiquitous and variable in solids. The electron correlations are of fundamental importance in the formation of novel quantum phases in the condensed matter physics [1, 2] . They can be captured by the short-ranged Coulomb interaction and the correlated hopping (CH) interaction as described in the Hubbard model [3, 4] or its variants [5] [6] [7] [8] as for the electron systems with narrow bandwidths [9] . For the free hopping system with a weak Coulomb interaction the Landau's Fermi liquid [10] develops continuously from the free electron gas. An opposite extreme case is the strong coupling limit when the Coulomb interaction tends to infinity so that the perturbation treatment around the non-interacting limit is invalid. In this case the Fermi liquid scenario might either persist but with strong correlation effect or breakdown, driving the half-filled system to an insulator [4, 11] . The interactiondriven many-body features are relevant to a number of unconventional quantum phenomena ranging from Mott transition [8, 11] , Peierls dimerization [12] , high temperature superconductivity [13, 14] , heavy fermion physics [15, 16] , to quantum magnetism [17, 18] .
Theoretically, the main difficulty in tackling the strong coupling limit comes from the constraint that the possibility of the double occupation at the same lattice site for two electrons with opposite spin polarizations should be completely excluded. This no-double-occupation constraint can be imposed by applying the Gutzwiller projection operator P G = j (1 − n j↑ n j↓ ) [19] on a given HamiltonianĤ so that the resulting model systemH = P GĤ P G is defined on the truncated Hilbert space without any double occupation states. The truncation of sys-= c iσ (1 − n iσ ) obviously exclude the double occupation at local sites. However, the Hubbard X operators possess no conventional anti-commutation rules, leading to a cumbersome Lagrangian [24] and complicated Xoperator-based diagram technique [25] .
Given the fact that the Coulomb interaction is actually not infinite, the many-body correlation effect in realistic materials is frequently investigated by the variational Gutzwiller projection method using the partial projection operator P G (λ) = j (1 − λn j↑ n j↓ ) with 0 ≤ λ ≤ 1 [26, 27] . Treating λ as a variational parameter can optimize the effect of the Coulomb U which drives the Mott transition at half filling [27, 28] . The Gutzwiller variational approach combined with the density functional theory has been shown powerful in understanding the many-body correlation effect in 3d or 4f electronic materials [29] [30] [31] [32] .
These developments naturally stimulate the research interest in a class of correlated electron systems whose Hamiltonians are constructed in terms of the deformed Hubbard X operatorsX 0σ i = c iσ (1 − λn iσ ), the operators which smoothly interpolate the conventional electron operators (λ = 0) and the Hubbard operators (λ = 1) [33] . The deformation induces a complicated CH motion involving four-and six-fermions interacting terms in the kinetic part of the original Hamiltonian when λ = 0. This is what the CH interaction means in the present study. More generally, CH interaction emerges rather naturally in the construction of tight-binding Hamiltonians involving variable electron-electron or electronphonon interactions [3-5, 7, 12, 13] . In one-dimensional systems, such CH interaction has been examined by using the bosonization technique and renormalization group for small λ [33] [34] [35] [36] . For λ close to unit these analytical methods are inapplicable again. In spite of this fact, the limit λ = 1 has been long expected equivalent to the case of infinite Coulomb interaction imposed by the Gutzwiller projection although the effect caused by CH interaction has not been fully examined so far.
In order to clarify the basic physics of CH interaction and its interplay with Coulomb interaction in general dimensions, it is highly desirable to study the correlated hopping models (CHMs) for arbitrary λ. In the present paper, we shall develop a new path integral approach for these models using the coherent state representation of the deformed HubbardX 0σ operators. We will show how the path integral in this representation can provide interesting results for the thermodynamics property in arbitrary spatial dimensions.
To begin with, let us reiterate the definition of the deformed Hubbord X 0σ operators [22, 33 ]
where c iσ is the annihilation operator for the electron with spin σ(=↑ or ↓) at site i and n iσ = c † iσ c iσ is the particle number operator at the same site with opposite spin, 0 ≤ λ ≤ 1. Parallel to the path integral representation for the conventional electron operators [37, 38] , we seek for the coherent states |ξ i defined as the eigenstates of the deformed Hubbard operators
with the eigenvalues ξ iσ being Grassmann numbers. Note thatX
have the common eigenstates because they are anti-commutative to each other. We find that these eigenstates can be constructed in the form
where |0 is the null state of the original annihilation operators c iσ . The coherent states are well-defined for all λ except for the singular point λ = 1, nevertheless, the limit of λ → 1 still exits in the final results. It is easy to verify that the overlap of any two coherent states is given by
The set of all these coherent states is overcomplete, satisfying the following relationship
Now we consider a HamiltonianĤ({X † }, {X}), expressed in terms of the deformed X operators ( {X} indicates the set of allX 0σ i ). In the thermal equilibrium state at temperature T , the partition function is Z = tre −βĤ , β = 1/k B T . Dividing the (imaginary) time interval (β) by M number of slices and evaluating the trace in the representation of the coherent states [37, 38] , the partition function is expressed as the following path-integral [39] 
Where, the classical action takes the form The obtained classical action looks absurd: there are additional four-fermions interaction terms (on the second line of Eq. (7)) which are seemingly divergent at the limit M → ∞, hindering the direct application of the continuous field theory. To overcome this difficulty, we shall calculate the partition function by the Grassmann integration over the discrete time slices. Here the key observation is that the contribution from the classical action is actually measured by the pre-factor 1/u which eventually guarrantees the finiteness of the problem.
In order to show the validity of our approach, we first consider a simple toy model which contains the homogeneous on-site quadratic term:
The corresponding action contributed fromĤ w is
Owing to the siteindependence of the present case, we just focus on a given site i and expand the exponential in the partition function Eq.(6) to
with f 1σ = f 2 = u, f 3σ = 1 + ǫw σ , and f 4 = u + ǫ σ w σ . All possible contributions to the partition function can be schematically summarized in Fig.1 where the dots represent the positions of time slices; the lines with arrows coming from or to the slice m represent ξ iσ,m and ξ respectively (the lines above/below the dots are for the spin up/down components). Fig.1 (a) represents the various terms in (9) which constitute the building blocks in the path integration. When all the dots are connected by a pair of out-and in-lines for each spin components, the corresponding Grassmann integration is non-vanishing. We call such a configuration the contributing diagram. There are four distinct contributing diagrams as shown in the Fig.1 (b) , with the corresponding contributions being given by
Therefore, we reproduce the desired exact result
Now, we consider a non-trivial CHM:Ĥ =Ĥ t +Ĥ w , whereĤ w is given by (8) , and
ij indicates the nearest neighbor sites. The corresponding action is
, and τ m = mǫ, we have S t = kσ ε k ξ * kσ ξ kσ , where ε k = ε k e iωnǫ and ε k is the energy band of free fermions. This contribution can be combined with that ofĤ w if we introduce a pair of auxiliary Grassmann fields (η kσ , η * kσ ) by using the identity:
Fourier transformed back to the real lattice space,
. Then, expanding the exponential we find that the contributions to the partition function come only from the even power terms of ǫ. The ǫ 2 terms generate two new types of contributing diagrams as illustrated in Fig. 2 , with the following contributions
In the frequency space, the summation of the above terms gives rise to − ωn,σ Integrating out the ξ fields, the partition function is
where Z w is given by Eq. (10) and the "· · · " represents the contribution from the high order terms of ǫ. So far our approach is rigorous if the high order terms of ǫ are included. For the present purpose, we are interested in a closed analytical expression of Z, which can be obtained by using the approximation:
. This is understood as a re-summation in the Eq. (14) under the ladder approximation. Integrating out the η fields, we finally obtain the following expression Interestingly, when u = 1, the partition function returns to the exact result for the free hopping model (the case with λ = 0), demonstrating the validity of the above approximation. Using Eq.(15), the low temperature specific heat for w σ = 0 is obtained as C =
1+
1 u
T , where N (0) is the density of states for the corresponding free hopping electrons around ε k = 0. While, the susceptibility at zero temperature is obtained as χ = Figs. 3(a-c) show the λ-dependence of the susceptibility and specific heat coefficient at several temperatures using the square lattice dispersion ε k = −2t(cos k x + cos k y ) and t = 1 (see more details in Appendices E and F). These results show that the CHM displays the Fermi liquid behavior with the renormalized specific heat coefficient and Pauli susceptibility, both enhanced by λ. In particular, the Wilson ratio R W = χ : C/T is enhanced to R W = 1.82 for λ = 1 as shown in Fig. 3(d) (where the Wilson ratio for λ = 0 is scaled to unit). The nearness of this value to the one for the magnetic instability (R W = 2) indicates the strong correlation effect in this Fermi liquid phase.
Finally, we consider the Hubbard model in the presence of CH interaction, described by the Hamiltonian
where µ σ is the spin-dependent chemical potential and U the on-site Coulomb repulsion. It is remarkable that these two terms can be reexpressed in terms of the deformed Hubbard operators as
Therefore, the previous approach can be applied directly by setting f 1σ = f 2 = u, f 3σ = 1 and
9). It immediately leads to the following partition function
where
iω n − U . We here are mainly interested in the formation of the Hubbard bands at the zero temperature in the paramagnetic phase. By setting µ σ = µ 0 and when
we obtain the Green's function of the ξ fields at the lowest temperature limit in the standard form [39] :
The dispersions of the quasi-particles in the upper and lower Hubbard bands are E
being the spectral weights. The dispersions and spectral weights are plotted Fig. 4 for the square lattice with various U and λ, fixing t = 1 and µ 0 = 0. We find that the band gap appears between the upper and lower Hubbard bands almost independent of λ, meaning that the Mott gap opens due to U but not λ. However, λ influences the Hubbard bands asymmetrically because it suppresses the local double occupation states. Specifically, it significantly flattens the upper Hubbard band and reduces the corresponding spectral weight. This λ-driven correlation effect is in agreement with that exhibited by the enhanced Wilson ratio discussed previously. Summarizing, we have developed a new coherent state path integral approach for a class of CHMs constructed in terms the deformed Hubbard operators. It allows a faithful description of the complicated hopping process in the whole region of the deformation-induced interaction parameter λ and overcomes the divergence problem in the conventional continuous field theory approach. Interestingly, the chemical potential and the short-ranged Coulomb interaction U can be also described in this approach. Our results show that the CH interaction alone always leads to the renormalization effect of the Fermi liquid even though the local double occupation states are suppressed at the Hubbard limit (λ = 1) where the system locates on the verge of the correlated Fermi liquid phase. On the other hand, in the presence of finite U the Mott gap opens at half-filling as usual for any λ. Increasing λ significantly reduces the bandwidth of the upper Hubbard band and the corresponding spectral weight. These results reveal the distinct roles played by CH and Coulomb interactions, the two prototype driving forces behind the rich many-body physics. We hope that our approach can pave a way to understand the delicate interplay among various interactions in a wider family of correlated electron systems.
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where the completeness relation of the coherent states of the deformed Hubbard operators (5) is used, and
. The minus sign in | − ξ i comes from the interchange of two Grassmann numbers. Applying this formula to the partition function of a thermodynamic equilibrium system at temperature T
where β = 1/k B T is the imaginary time interval and k B the Boltzmann constant, we have Dividing β by M number of slices with equal width ǫ = β/M using e −βĤ = (e −ǫĤ ) M and inserting the completeness relation between each operator e −ǫĤ , we have
where m denotes the location of each inserts, playing the role of the discrete imaginary time. The ξ fields in Eq.(A2) is denoted by ξ iσ,M . In the limit ǫ → 0, the matrix element within neighboring time slices is given by Here, the Hamiltonian is normal ordered with the element H(ξ * iσ,m , ξ iσ,m−1 ). Therefore, taking the antiperiodic boundary condition ξ iσ,0 = −ξ iσ,M , the partition function can be expressed in the following pathintegral
where D(ξ * , ξ) = lim 
withñ iσ,m = ξ * iσ,m ξ iσ,m .
Appendix B: The Properties of Grassmann integrations
The most useful Grassmann integrations used in the present path-integral approach are listed below:
where the anti-periodic boundary condition ξ 0 = −ξ M is imposed.
Appendix C: the partition function for the single site toy model
Here we exactly solve the single site problem using the conventional particle number representation. The Hamiltonian of this toy model iŝ
It is diagonal in the particle number representation with eigenvalues
2 w σ respectively. Therefore, we have
Appendix D: Derivation of gσ(ωn) in Eq. (13) The contribution from diagrams illustrated in Fig. 2  (a) is given by
where the Fourier transformation for the η fields is applied
Since e iωnǫM = −1 and lim
The contribution from diagrams illustrated in Fig. 2  (b) is given by
Taken summation over m, it becomes
Again, taken summation over l, it becomes
The sum of Eq. (D3) and Eq. (D4) leads to the contributions from the quadratic term of the ξ fields in expanding the exponential of expression (12) 
Appendix E: Magnetization and Susceptibility for CHM According to Eq. (C1),
This operator is commutative with the CH term defined in the Hamiltonian (11) . By choosing w σ = σh with h being the external magnetic field and σ = 1 for up spin and σ = −1 for down spin, the magnetization density is given by
The partition function Z is given by Eq. (15), where
where F (x) = 1 1+e βx is the Fermi-Dirac distribution function. The susceptibility χ = ∂m ∂h | h=0 is then given by
This summation can be represented by the integral over the energy by introducing the density of state N (ε) for the free fermions
with the 2Λ being the bandwidth of the free electrons. In above, we have set µ B = 1 and used the δ-function representation β (e βx + 1)(e −βx + 1) = δ(x) (E4) which is valid in the low temperature limit β → ∞. The integration range of βε tends to ∞ in this limit, too, leading to
(e x + 1)(e −x + 1) = π 2 3 .
Appendix F: Internal energy and specific heat for CHM
In order to calculate the internal energy,
we can set µ σ = 0 so that Z w = 4 and Z The internal energy can be reexpressed as
we have
Then the specific heat can be derived as in the following:
Appendix H: Chemical potential and Hubbard interaction expressed in terms of deformed Hubbard operators
The on-site Coulomb interaction can be expressed aŝ
where u = (1 − λ) −1 . In order to investigate the generic case with tunable electron filling, we express the particle number operatorsn σ in terms of the deformed Hubbard operators. According to Eq. (C1) (X 0σ ) †X 0σ =n σ + (λ 2 − 2λ)n ↑n↓ ,
and combining it with Eq.(H1), we obtain the following expression for the particle number operatorŝ n σ = (X 0σ ) †X 0σ
